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1 Introduction
Since the 1980s one of the main streams of research investigating the conditions for sustained
economic growth has viewed the accumulation of capital, broadly measured, as one of its
key sources. This approach, often termed the “AK” framework, has been propagated, among
others, by authors such as Romer (1986), Barro (1990), and Rebelo (1991). In its canonical,
single-factor form, the AK model yields a constant balanced growth rate with no transitional
dynamics. In contrast to the standard Solow model, tax and government infrastructure policy (see Barro, 1990) affects the growth rate by changing the rate of return on capital.
The studies cited above all employ the representative agent (RA) framework. In this paper we seek to extend the insights of the AK setting by adopting the overlapping generations
(OLG) approach to specifying the consumer sector. Specifically, we use the Blanchard (1985)Yaari (1965) continuous-time framework to model the decisions of finite-lived consumers. A
central characteristic of the Blanchard-Yaari (BY) model is the demographic turnover from
old to young population cohorts. Since the asset-poor young replace the asset-rich old in
this setting, demographic turnover influences the economy’s saving and, thus, its accumulation of capital. A key advantage, then, of the BY framework is that it enables us to consider
how demographic parameters influence economic growth in the AK context in which capital
accumulation plays the decisive role. Since population dynamics obviously depends on factors such as birth and mortality rates, we can use our model to investigate how demographic
shocks affect the balanced growth rate.1 Due to its well-defined population dynamics, we
can use the BY model to investigate the effects of public policies, in particular, Pay-as-you-go
(PAYG) pensions, that have a significant intergenerational component.
Another important property of the BY framework, as recently shown by Fisher and Heij
dra (2008) in an exogenous growth setting, is that the importance of demographic turnover
also depends on agents’ preferences, specifically on their attitude to status. In our endogenous growth framework, this allows us to ask the question whether or not status competition is an engine of economic growth. Recent authors who investigate this issue using
an endogenous growth, representative agent (RA) framework that specifies consumption as
the reference good include Alvarez-Cuadrado et al. (2004), Liu and Turnovsky (2005), and
Turnovsky and Monteiro (2007). The specification used by these authors is often termed the
“Keeping up with the Joneses” (KUJ) specification of status preferences.2 This literature does
1 In non-endogenous growth contexts, recent authors who employ the BY framework to consider the effects of

demographic shocks include Heijdra and Ligthart (2006) and Bettendorf and Heijdra (2006), the latter employing
a small open economy framework. In this research demographic shocks are time-dependent, though cohort
independent, an approach we follow here.
2 Strictly speaking, the Alvarez-Cuadrado et al. (2004) and Turnovsky and Monteiro (2007) employ a “Catch-
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not, however, deliver an unambiguous answer regarding whether or not status competition
is growth-promoting. Indeed, the relationship between status and growth in this context is
highly sensitive to the specification of preferences and technology.3
The RA model is, moreover, a restrictive one to analyze the implications of status preferences, since all agents end up with the same consumption and asset holdings in the symmetric equilibrium, a situation implying that no one wins the “rat race”. In contrast, agents of
different ages, or “vintages”, in the OLG framework possess distinct stocks of wealth and enjoy distinct levels of consumption. An economy-wide shift in KUJ then has age-dependent
effects in the OLG context. A framework in which differences among individuals persist
over time is, we believe, a promising avenue to explore the macroeconomic implications of
status competition. Another important task in this paper, then, is to extend the findings of
Fisher and Heijdra (2008) to the endogenous growth context and to consider the implications
of changes in the degree of status preference.
Among our results, we show that the balanced growth rate, due to intergenerational
turnover in financial wealth, is lower in the BY framework compared to its RA counterpart. We also consider demographic disturbances characteristic of advanced societies; falls
in fertility and rises in longevity. In this context we find that while a decline in fertility and
a rise in longevity both increase the growth rate, they have opposite implications for the
consumption-capital ratio: the latter rises in response to a “baby bust” and falls subsequent
to a jump in life-expectancy. Furthermore, we show that an increase in the degree of status preference lowers economic growth, since generational turnover, which tends to reduce
growth, becomes more important in this scenario. Finally, in the second part of the paper,
we investigate the implications of incorporating a PAYG pension system, featuring an exogenous retirement date. We find that economic growth is higher, given our design of the
scheme, under PAYG. Again, it is demographic turnover that provides the source for this
result. Specifically, PAYG pensions introduce a ‘wedge’ between the human wealth of newborns and the average stock of human wealth. Since newborns possess more human wealth
than older agents under the PAYG system, the intergenerational turnover in human wealth
provides a countervailing element to the turnover in financial wealth, which, as indicated,
lowers economic growth in the BY framework.
ing up with the Joneses” approach in which reference consumption depends on past consumption and evolves
over time.
3 Alvarez-Cuadrado et al. (2004) find that the role of reference consumption in determining the response to
macroeconomic shocks depends on whether AK or the more flexible Cobb-Douglas technology is assumed. In
Liu and Turnovsky (2005) the effect of KUJ on balanced growth is a function of the intertemporal elasticity of substititution. Turnovsky and Monteiro (2007) show that consumption externalities affect the long-run equilibrium
if and only if work effort is endogenous.
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The paper is organized as follows. Section 2 outlines the firm and household sectors of
the economy, which are aggregated in section 3 to determine the macroeconomic equilibrium. Section 4 derives the balanced rate of endogenous growth, while section 5 investigates
how the latter is influenced by demographic and status preference shocks. Section 6 introduces the PAYG system into our OLG framework, which we analyze in section 7. There,
we consider, first, the effect of public pensions on the rate of growth and, second, how an
increase in the statutory retirement age influences the growth rate in both defined benefit
and defined contribution schemes. We close in section 8 with brief concluding remarks and
include an appendix containing supporting mathematical results.

2 The Macroeconomy
2.1

Firms

We begin by first analyzing the economy’s firm sector. This permits us to describe the engine
of endogenous growth, which relies, in the spirit of Romer (1989) and Saint-Paul (1992), on
an inter-firm externality. The latter also leads to a constant (real) interest rate, a result that
simplifies the derivation of the macroeconomic equilibrium. The firm sector is made up
of a large number of perfectly competitive firms producing a homogenous good. At the
individual firm level, output technology is Cobb-Douglas:
Yi (t) = F [Ki (t) , Li (t)] ≡ Z (t) · Ki (t)ε Li (t)1−ε ,

0 < ε < 1,

(1)

where Yi (t) represents net output4 of firm i, Ki (t) is the capital stock, Li (t) is labor supply
(coinciding here with the population), and Z (t) is total factor productivity common to all
firms. For simplicity, we assume that capital accumulation does not incur adjustment costs.
As usual under profit maximization, the rental values of capital and labor correspond to
their marginal physical products:
w (t) =

∂Yi (t)
= (1 − ε ) Z ( t ) · k i ( t ) ε ,
∂Li (t)

r (t) =

∂Yi (t)
= εZ (t) · ki (t)ε−1 ,
∂Ki (t)

(2)

where k i (t) ≡ Ki (t)/Li (t) is the capital-labor ratio. Moreover, since each firm faces the same
wage rate and rental rate of capital, each has the same capital-labor ratio, k i (t) = k(t), which
implies that firm output corresponds to Yi (t) = Z (t) Li (t)kε (t). To obtain economy-wide
relationships, we define: Y (t) ≡ ∑i Yi (t), K (t) ≡ ∑i Ki (t), and L(t) ≡ ∑i Li (t). In turn, the
inter-firm externality is given by:
Z (t) = Z0 · k(t)1−ε ,
4 That

Z0 > 0,

(3)

is, net output incorporates capital stock depreciation
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which implies that individual firms in this setting benefit from a rise in the average capital
intensity. Aggregating firm output and substituting for Z (t) = Z0 · k(t)1−ε , we obtain the
linear-in-capital, economy-wide production function Y (t) = Z0 K (t). Substituting Z (t) =
Z0 · k(t)1−ε into the marginal productivity conditions (2), we calculate expressions for the
wage and the interest rate:
w (t) = (1 − ε) y (t) = (1 − ε) Z0 k (t) ,

r (t) = r = εZ0 > 0.

(4)

Clearly, the interest rate is a positive constant, a result that is the source of continued growth.
In contrast, agents can look forward to ongoing wage growth in this setting.

2.2

Households

We assume that the economy consists of agents of different birth dates, or “vintages”, who
compare their own consumption c̄ (v, τ ) to the average level of consumption c (τ ). Following
Fisher and Heijdra (2008), for a consumer born at time v (v ≤ t) lifetime utility at t equals:
Λ (v, t) =

Z ∞
t

ln x̄ (v, τ ) e(ρ+ β)(t−τ ) dτ,

(5)

where ρ is the rate of time preference, β is the given instantaneous death probability (independent of age), and x̄ (v, τ ) is the instantaneous subfelicity function defined as:
x̄ (v, τ ) ≡

c̄ (v, τ ) − αc (τ )
,
1−α

α < 1,

(6)

where the parameter α determines the agent’s attitude to status competition. If 0 < α < 1,
agents exhibit jealousy of the consumption of others. On the other hand, if α < 0, then agents
express admiration for the consumption of others. The preferences in (6) satisfy the conditions
for “Keeping up with the Joneses” (KUJ).5
The budget identity of an agent born at time v equals:
ā˙ (v, τ ) = (r + β) ā (v, τ ) + w (τ ) − c̄ (v, τ ) ,

(7)

where ā (v, τ ) represents assets, r is the fixed interest rate, and w (τ ) is the cohort-independent
wage rate earned by agents who supply one unit of work effort. Assets yield an annuity income of (r + β) ā (v, τ ), which consists of interest payments r ā (v, τ ) and annuity receipts
β ā (v, τ ). Employing the usual methods of optimal control, we calculate the following timeprofile for x̄ (v, τ ):
x̄˙ (v, τ )
= r − ρ,
x̄ (v, τ )
5 KUJ

r > ρ.

(8)

is satisfied with U [·] ≡ ln x (v, τ ), since ∂2 U [·]/∂c̄∂c = c/(c − αc̄)2 > 0. See Dupor and Liu (2003) and

Liu and Turnovsky (2005) for a detailed characterization of relative consumption preferences.
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The necessary condition r > ρ implies that we focus on a given rising profile of x̄ (v, τ ). In (8)
we also obtain the usual BY-result that the probability of death β cancels out along individual
time-profiles, since the (higher) annuity rate of return r + β is offset by the (greater) effective rate of time preference ρ + β.6 In fact, at the aggregate level, the crucial demographic
parameter (see (16) below) is the fertility rate, denoted by η.
The next step is to calculate the intertemporal budget constraint of the individual. Integrating (7) subject to the NPG condition limτ →∞ ā (v, τ ) e(r+ β)(t−τ ) = 0, yields:
Z ∞
t

[(1 − α) x̄ (v, τ ) + αc (τ )] e(r+ β)(t−τ ) dτ = ā (v, t) + h (t) ,

where h(t) =

R∞
t

(9)

w(τ )e(r+ β)(t−τ ) dτ is age-independent human wealth.7 Equation (9) states

that the present discounted value of a weighted average of individual subfelicity and average consumption — where the weights depend on the parameter α — corresponds to the
aggregate of the agent’s financial and human wealth. Integrating (8) to obtain x̄ (v, τ ) =
x̄ (v, t) e(r+ β)(τ −t) , τ ≥ t, we can show that (9) reduces to:
x̄ (v, t)
= ā (v, t) + h (t) − αΓ (t) ,
(10)
ρ+β
R∞
where Γ(t) ≡ t c (τ ) e(r+ β)(t−τ ) dτ. Substitution of x̄ (v, t) from (6) in (10), yields an ex-

(1 − α )

pression for individual consumption that is a function of average consumption as well as
wealth:
c̄(v, t) = (ρ + β) [ ā (v, t) + h (t)] + α [c(t) − (ρ + β) Γ(t)] .

(11)

Among the features that emerge from (11) is that individual consumption depends on average consumption, due to the existence of a consumption externality, i.e., α 6= 0. Otherwise,
an agent consumes — as in the standard setting — out of his wealth according to ρ + β, the
marginal propensity to consume.

3 Aggregation and the Macroeconomic Equilibrium
In this section of the paper we first specify the economy’s demography. This is necessary
to aggregate the individual relationships and, thus, to describe the OLG macroeconomy.
Letting η represent the birth rate, the (constant) population growth rate is n ≡ η − β, with β,
6 Neverthless,

the level of an agent’s consumption does depend on β.
w(τ ) = w(t)eγ̂(τ −t) (where the growth rate

7 Observe that in a growth context in which wages follow the path

γ̂ is determined in section 4), human wealth depends on time, t, but not on the agent’s age, t − v. In contrast,
human wealth will be both time- and age-dependent once we introduce a PAYG system in section 6 below.
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as indicated, the mortality probability. Through time, individual population cohorts L(v, t)
shrink as their members die off. The population proportion of cohort v at time t thus equals:
l (v, t) ≡

L (v, t)
= ηeη (v−t) ,
L (t)

t ≥ v,

(12)

which enables us to define the per-capita average values of consumption and financial assets:
c (t) ≡

Z t

−∞

l (v, t) c̄ (v, t) dv,

Z t

a (t) ≡

−∞

l (v, t) ā (v, t) dv,

(13)

where c(t) represents, furthermore, the consumption externality from the individual’s point
of view. Aggregating individual consumption (11), we obtain:
c(t) = (ρ + β) [ a (t) + h (t)] + α [c(t) − (ρ + β) Γ(t)] .

(14)

Subtracting (14) from (11), we find:
c̄ (v, t) − c (t) = (ρ + β) [ ā (v, t) − a (t)] ,

(15)

where the difference between individual and average consumption depends on the difference between individual and average financial wealth, a fact we use below to draw the
distinctions between the BY and RA frameworks.
The key step to derive the growth equilibrium is to obtain the differential equations for
average consumption and financial assets, ċ(t) and ȧ(t). The details of this exercise are given
in Appendix A. Using the expressions for ċ(t) and ȧ(t), the rate of return and aggregate
relationships of the production sector, and the fact that only physical capital is used for
savings, k(t) ≡ a(t), we derive the following macroeconomic equilibrium:
ċ (t)
η (ρ + β) k (t)
·
= r−ρ−
,
c (t)
1−α
c (t)

(16)

k̇ (t) = [r − n] k (t) + w (t) − c (t) ,

(17)

w ( t ) = (1 − ε ) y ( t ) ,

(18)

r = εZ0 ,

y (t) = Z0 k (t) .

(19)

The dynamics of consumption is described by (16), while (17) governs the accumulation of
physical capital, n ≡ η − β. Equation (18) reiterates the expressions for the wage and the
interest rate, while (19) is the per-capita version of the production function. In contrast to
equations (17)–(19), which emerge in the usual Ramsey framework, equation (16) for consumption dynamics merits additional comment. The third term on the right-hand-side of
(16) is typical in the BY-setting and represents the effect that demographic turnover has on
6

consumption dynamics and, as we show below, economic growth. To see this, we evaluate (15) at v = t and impose k(t) ≡ a(t). This yields c(t) − c̄(t, t) = (ρ + β)k(t), which, if
substituted in (16), results in the following alternative representation of ċ(t)/c(t):
ċ (t)
c (t) − c (t, t)
η
·
= r−ρ−
.
c (t)
1−α
c (t)

(20)

The term [c(t) − c̄(t, t)], corresponding to the difference between average and new-born consumption, measures the effect of intergenerational turnover. In the BY-framework older
generations are replaced by newborns. Because, however, agents are born with no financial
wealth, their consumption levels fall short of that of their older counterparts. Consequently,
the replacement of asset-rich by asset-poor population cohorts reduces the growth rate of average consumption. This is the case even though the growth rate of individual consumption,
c̄˙(v, τ )/c̄(v, τ ), is the same for each generation facing the given interest rate r.

4 Steady-State Growth
In this model the single accumulable factor of production, physical capital, has the constant
returns to scale property. Consequently, the long-run equilibrium is characterized by a sustained, balanced growth rate, denoted by γ̂. Furthermore, the economy exhibits no transitional dynamics. To see why this is the case, let x (t) ≡ c(t)/k(t) represent the consumptioncapital ratio and employ (16)–(19) to derive ẋ (t)/x (t):
η (ρ + β)
1
ẋ (t)
= [r − ρ + Z0 − n] + x (t) −
.
·
x (t)
1−α
x (t)

(21)

It is straightforward to show that (21) is an unstable differential equation. Consequently, a
stable equilibrium is achieved only if the consumption-capital ratio attains a constant value,
x (t) ≡ x̂, ∀t ≥ 0, which, in turn, implies that the economy grows at the rate γ̂ through
time. The resulting steady-state growth profiles of capital, wages, and consumption are
k̂ (t) = k̂0 eγ̂t , ŵ(0) = ŵ0 eγ̂t , and ĉ (t) = ĉ0 eγ̂t , where k̂ (0) = k̂0 , ŵ(0) = ŵ0 , and ĉ (0) = ĉ0
denote their respective initial values.
To determine the solution for the balanced growth rate, we evaluate (16)–(17) along the
steady-state profile:
γ̂ = r − ρ −

η (ρ + β) 1
,
1 − α x̂

γ̂ = r + (1 − ε) Z0 − n − x̂,

(22)

where x̂ ≡ ĉ/k̂ is the consumption-capital ratio. To further simplify the problem, we define
the growth-adjusted interest rate as r̂ g ≡ r − γ̂ and re-express (22) as:

η (ρ + β)
,
r̂ g − ρ x̂ =
1−α

x̂ = r̂ g + (1 − ε) Z0 − n.
7
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Figure 1: Growth and the KUJ effect
Combining the relationships in (23), we form the polynomial Φ(s):
Φ(s) ≡ (s − ρ) · [s + (1 − ε) Z0 − n] −

η (ρ + β)
,
1−α

(24)

where Φ(r̂ g ) = 0 solves for the growth-adjusted interest rate r̂ g . There is only one feasible
solution with x̂ > 0. This is satisfied with r̂ g ≡ r − γ̂ > ρ and r̂ g > n − (1 − ε) Z0 .8 The Euler
and market clearing relationships can also be combined to determine the polynomial Γ(s)
that solves for the consumption-capital ratio, i.e., Γ( x̂ ) = 0:
Γ (s) ≡ s2 − [ρ + (1 − ε) Z0 − n] s −

η (ρ + β)
.
1−α

(25)

Using (22), we illustrate in Figure 1 the OLG balanced growth equilibrium. The positivelysloped locus EEBY represents the Euler equation, while the downward-sloping line CA depicts market clearing. The relationships (both solid) have the following slopes:
dγ̂
d x̂
8 In

=−
EEBY

η (ρ + β)
> 0,
(1 − α) x̂2

dγ̂
d x̂

= −1.
CA

Appendix B we derive the conditions for a feasible solution of the steady-state growth profile. In particu-

lar, we show that r̂ g > ρ is necessary for k̄ (0, t) > 0. We also determine the necessary conditions for c̄(0, t) > 0,
along with the upper and lower bounds on the status parameter α.
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The intersection of EEBY and CA at point E1 illustrates the OLG solution ( x̂1 , γ̂1 ) determined by (24)–(25). The positively-sloped EEBY locus reflects the fact that the higher is the
consumption-capital ratio x̂, the weaker is the intergenerational turnover effect, which implies a greater growth rate. Along the negatively-sloped CA line, higher values of x̂ translate
directly into lower rates of growth γ̂. In addition, we depict in Figure 1 the solid horizontal
line EERA representing the Euler equation for the RA case.9 Observe that it lies uniformly
above its EEBY counterpart. The growth rate in the RA economy is simply the difference between the fixed interest rate and the given rate of time preference, r − ρ (so that r̂ g = ρ). The
relationships in Figure 1 are generated using a numerical solution of the model that assumes
the structural parameters take the following values:
ε = 0.20,

r = 0.06,

ρ = 0.04,

α = 0,

β = 0.02,

η = 0.03.

(26)

Clearly, the balanced growth rate γ̂ is lower in the BY case compared to its RA counterpart,
while the consumption-capital ratio x̂ is higher. Indeed, while the balanced growth rate in
the RA economy depends only on technology and the pure of rate of time preference, in the
BY setting it is also a function of agents’ attitude to status, parameterized by α, as well as
demographic parameters, η and β, that reflect intergenerational turnover. We next employ
our OLG equilibrium to investigate the effect of changes in agents’ attitude to consumption
externalities and one-time demographic shocks.

5 Comparative Static Effects
To determine the effects of demographic and status preference shocks on the OLG growth
rate, we evaluate (24)–(25) at the solution values ( x̂, r̂ g ):
 η (ρ + β)
 
≡ 0,
(27)
r̂ g − ρ · r̂ g + (1 − ε) Z0 − (η − β) −
1−α
η (ρ + β)
Γ ( x̂, η, β, α) = x̂2 − [ρ + (1 − ε) Z0 − (η − β)] x̂ −
≡ 0.
1−α
In all instances, the economy jumps immediately its new steady-state growth path. We conΦ(r̂ g , η, β, α) ≡

sider first the consequences of an increase in jealousy (i.e., α rises from 0 to 0.5). Using (27),
it is straightforward to show:
∂r̂ g
∂α
d x̂
dα
9 The


∂Φ r̂ g , η, β, α /∂α
∂γ̂

> 0,
= −
=−
∂α
∂Φ r̂ g , η, β, α /∂r̂ g
∂Γ ( x̂, η, β, α) /∂α
= −
> 0,
∂Γ ( x̂, η, β, α) /∂ x̂

(28)

expressions for the RA version of the model with population growth are obtained by setting η = 0 (no

new disconnected agents enter the economy) and β = −n (population growth consists of the arrival of new
family members).

9

where the signs in (28) imply that a rise in α causes a decline in the growth rate and an
increase in the consumption-capital ratio. The larger is the status externality, the more important is intergenerational turnover, which implies that average consumption rises at the
expense of saving, leading to a permanent fall in γ̂ and rise in x̂. In terms of Figure 1, the increase in α causes the EEBY to shift down (CA is unaffected), leading to the new equilibrium
featuring a lower value of γ̂ and an increase in x̂. This is the endogenous growth analogue
of the result of Fisher and Heijdra (2008), showing that a rise in status preference leads in
steady state to a decline in the stock of capital and a rise in consumption. The distinction
is that here adjustment takes place instantly, while the Fisher and Heijdra (2008) findings
feature an initial increase in consumption, followed by a continuous decline in its level, accompanied by a reduction in the capital stock. For comparison, observe that we also depict
in Figure 1 the case of admiration, i.e., a fall in α from 0 to −0.5, causing EEBY to shift-up and
resulting in a rise in γ̂ and a fall in x̂.
Considering next the case of a baby bust (η falls from 0.03 to 0.02), differentiation of (27)
with respect to η yields:
∂r̂ g
∂η
d x̂
dη


∂Φ r̂ g , η, β, α /∂η
∂γ̂

= −
=−
> 0,
∂η
∂Φ r̂ g , η, β, α /∂r̂ g
∂Γ ( x̂, η, β, α) /∂η
= −
< 0,
∂Γ ( x̂, η, β, α) /∂ x̂

(29)

where the signs in (29) follow from r̂ g > ρ and r̂ g > n − (1 − ε) Z0 . According to (29), a decline
in fertility, since it reduces the importance of intergenerational turnover, leads to an increase
in economic growth and rise in the consumption-capital ratio. Graphically, this shock is
illustrated in Figure 2, where the post-shock Euler and the market clearing relationships
(dashed) result in a new equilibrium with higher values of γ̂ and x̂.
Finally, turning to the case of a longevity boom (β down from 0.02 to 0.01), we find:10

∂r̂ g
∂Φ r̂ g , η, β, α /∂η
∂γ̂

= −
=−
> 0,
(30)
∂β
∂β
∂Φ r̂ g , η, β, α /∂r̂ g
∂Γ ( x̂, η, β, α) /∂β
d x̂
= −
> 0,
dβ
∂Γ ( x̂, η, β, α) /∂ x̂
that this leads to a higher growth rate and — in contrast to a baby bust — a lower consumptioncapital ratio. Because agents live longer, they have the incentive to accelerate the accumulation of capital, increasing the balanced growth rate γ̂. Since, however, this is spread-out
over a longer lifetime, consumption falls relative to the stock of capital. We also illustrate this
in Figure 2, which depicts the shift-up in EEBY and the shift-down in CA (dash-dotted) that
leads to an increase in γ̂ and a fall in x̂.
10 The

sign of ∂r̂ g /∂β follows from that of ∂Φ/∂β, which equals r̂ g − ρ − η/(1 − α) < 0. Since we can show

r̂ g < ρ + η (see Appendix B), the latter holds whether or not 0 < α < 1 or α < 0.
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Figure 2: Growth and demographic shocks

6 Introducing a PAYG Pension System
We now extend the basic growth model to incorporate a PAYG pension system. Letting
z̄(v, τ ) denote taxes (and transfers if negative), contributions are paid and benefits are received according the following scheme:
(
θ · w (τ )
for τ − v ≤ u R
z̄ (v, τ ) =
,
−π · w (τ )
for τ − v > u R

(31)

where θ is the contribution rate, π is the benefit rate (both indexed to the wage w (τ )), and
u R is the statutory retirement age. For realism, we assume that workers earn more than
pensioners so that 1 − θ > π. As in the benchmark specification, labor supply is exogenous,
although modified to reflect mandatory retirement:
(
1
for τ − v ≤ u R
n̄ (v, τ ) =
.
0
for τ − v > u R

(32)

According to (32), agents supply a “full” unit of labor until retirement after which they cease
to work. This permits us to define the macroeconomic participation rate as:
N (t)
≡
L (t)

Z t

−∞

n̄ (v, t) l (v, t) dv =

Z t

t−u R

l (v, t) dv = 1 − e−ηuR ,
11

(33)

where N (t) is the work force. Clearly, the participation rate rises with u R , while a “baby
bust” (decline in η) reduces it. This formulation allows us to define the dependency ratio as:
dr ≡ dr (u R , η ) =

e−ηuR
,
1 − e−ηuR

∂dr
< 0,
∂u R

∂dr
< 0.
∂η

(34)

Not only does the PAYG system place a “wedge” between the workforce and the population,
it also implies that an agent’s human wealth is age-dependent. Letting h̄(v, τ ) represent
individual human wealth, its weighted average equals:
h (t) ≡

Z t

−∞

l (v, t) h̄ (v, t) dv.

(35)

Next, we impose sustainability of the PAYG system by assuming that contributions always
equal payouts at all points in time:
Z t

t−u R

θw (t) L (v, t) dv =

Z t−u R
−∞

πw (t) L (v, t) dv.

(36)

Substituting for L (v, t) = L(t) · l (v, τ ), using (12), the closure rule reduces to:


θ · 1 − e−ηuR = π · e−ηuR ,

(37)

where one of θ, u R , and π must be used to balance the PAYG budget. Observe that under a
defined benefit (DB) scheme, π and u R are held constant while θ balances the budget. In contrast, θ and u R are held constant while π balances the budget under a defined contribution
(DC) scheme. It is straightforward to show that the following relationships hold:

π

1−
DB


1 − e−ηuR
.
1−θ−π =



DC
1 − θeηuR

(38)

It follows that:

∂ (1 − θ − π )
>0
∂u R

(for DB),

∂ (1 − θ − π )
< 0 (for DC).
∂u R

(39)

These results are important to investigate how a change in the statutory retirement date
affects the balanced growth rate.
To solve the modified model, we follow the same procedure outlined above. The firm’s
problem is solved as in section 2.1, with Li (t) replaced by Ni (t) in (1), and with K (t) /N (t)
affecting general productivity in (3). Since labor supply, according to (33), depends on the
retirement date u R , so does the wage rate w(t):
w ( t ) = (1 − ε )

Z0 k (t)
Y (t)
= (1 − ε )
,
N (t)
1 − e−ηuR
12

(40)

where we substitute for Y (t) = Z0 K (t), N (t) ≡ [1 − e−ηuR ] L(t) and use k(t) ≡ K (t)/L(t) to
obtain (40). Observe that for a given value of k (t), a later retirement date lowers the wage
rate due to the expansion in labor supply.
Regarding the household’s problem, we proceed along the same lines as above, with the
exception that the agent’s choices are made subject to (31). Consequently, we replace (7) by:
ā˙ (v, τ ) = [r (τ ) + β] ā (v, τ ) + w (τ ) − c̄ (v, τ ) − z̄ (v, τ ) .

(41)

Similarly, we replace h(t) with h̄(v, t) in the expression (11) for individual consumption. In
turn, an active agent possesses a human wealth level of:
h̄ (v, t) ≡

=

Z v+u R
t

Z v+u R
t

w (τ ) e

(r + β)(t−τ )

dτ −

Z ∞
t

z̄ (v, τ ) e(r+ β)(t−τ ) dτ

(1 − θ ) w (τ ) e(r+ β)(t−τ ) dτ +

Z ∞

v+u R

(42)

πw (τ ) e(r+ β)(t−τ ) dτ,

where we use (31) to obtain the second equality of (42). Substituting the path of wages in
(42), w (τ ) = w (t) · eγ̂(τ −t) , τ ≥ t (with γ̂ determined in equilibrium), a worker’s human
wealth simplifies to:11
h
i
i
w (t) h
h̄ (v, t) =
· (1 − θ ) · 1 − e(r̂g + β)(t−v−uR ) + π · e(r̂g + β)(t−v−uR ) ,
rg + β

t − v ≤ u R . (43)

Correspondingly, a retired person’s human wealth is given by:
h̄ (v, t) = π

Z ∞
t

w (τ ) e(r+ β)(t−τ ) dτ =

πw (t)
,
r̂ g + β

t − v > uR .

(44)

To determine the economy’s Euler equation, we use the method described in Appendix
A for the standard formulation. It is straightforward to show that (16) becomes:


η (ρ + β) k (t) h̄ (t, t) − h (t)
ċ (t)
·
= r (t) − ρ −
−
,
c (t)
1−α
c (t)
c (t)

(45)

where consumption dynamics now also depends on the intergenerational turnover, [h̄ (t, t) −
h (t)], in human wealth. We show in Appendix C that [h̄ (t, t) − h (t)] equals:
h̄ (t, t) − h (t) = w (t) e− βuR (1 − θ − π ) ·

e−nuR − e−r̂g uR
> 0,
r̂ g − n

(46)

where 1 − θ > π.12 Clearly, agents are born with more human wealth than average, since
they can look forward to the relatively longest period of high earnings. Moreover, the PAYG
11 In

the absence of a pension system, θ = π = 0 and u R → ∞ individual human wealth reduces to h̄ (v, t) =

h (t) = w (t) / r g + β .
12 Two

further things are worth noting. First, the sign of (46) is guaranteed because

e−nu R −e−r̂ g u R
r̂ g −n

is positive

regardless of the sign of r̂ g − n. Second, under the Aaron condition, r̂ g > n, it follows that for a given retirement
age u R , a newborn has a lower level of human wealth under the PAYG system than in the absence of such a
system (see Appendix D).
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system affects the macroeconomy through the turnover in human wealth. Indeed, because
newborn agents possess more human wealth than their older counterparts, this mitigates the
fact that newborns are “asset poor” financially compared to older agents. This lessens the
effects of intergenerational turnover in (45) and increases the growth in average consumption
compared to an economy without a PAYG scheme, a result we prove subsequently. To sumup, PAYG macroeconomic equilibrium consists of (45), where [h̄ (t, t) − h (t)] is given by (46).
The expressions for the interest rate are the same as stated in (18)–(19), while we replace the
expression for the wage with (40). Finally, regarding market clearing, we replace (17) with:13

k̇ (t) = [r − n] k (t) + w (t) 1 − e−ηuR − c (t) .

(47)

7 Pension Policy and Economic Growth
To investigate the implications of pension policy for economic growth, we first derive the
modified economic dynamics. For the Euler relationship we substitute the equation for the
wage w(t) from (40) in that of [h̄ (t, t) − h (t)] from (46) and use y(t) = Z0 k(t). We then
substitute the resulting expression in (45) to calculate:
 k (t)
ċ (t)
= r − ρ − σΩ r̂ g ·
,
c (t)
c (t)

(48)

where r̂ g ≡ r − γ̂, σ ≡ η (ρ + β) / (1 − α) is a positive constant, and:
Ω(r̂ g ) ≡ 1 −

1 − e−(r̂g −n)uR
(1 − ε ) r
· dr(u R ) · (1 − θ − π ) ·
> 0.
ε
r̂ g − n

Observe that the difference between (48) and the Euler equation of the basic model (16) is
that per capita consumption growth now depends on Ω(r̂ g ), which is itself a function of γ̂
and incorporates features of the pension system. Similarly, combining (47) with (40) and
y(t) = Z0 k(t), the market clearing condition simplifies to:
k̇ (t) = [r + (1 − ε) Z0 − n] k (t) − c (t) .

(49)

Evaluating (48)–(49) along the steady-state growth path γ̂ and, as before, letting x̂ ≡ ĉ/k̂, we
obtain:
1
γ̂ = r − ρ − σΩ(r − γ̂) · ,
x̂

γ̂ = r + (1 − ε) Z0 − x̂ − n.

(50)

Observe that the expression for market clearing is identical to that from the basic model,
implying that PAYG pensions affect the growth path only through the Euler relationship. To
13 See

Appendix C for the derivation of (47).
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distinguish the framework with public pensions from that of the basic framework, we let r̂ gP

(≡ r − γ̂ P ) and x̂ P represent, respectively, the growth-adjusted interest rate and consumptioncapital ratio under the PAYG plan. The system (50) becomes:

(r̂ gP − ρ) · x̂ P = σΩ(r̂ gP ),

x̂ P = r̂ gP + (1 − ε) Z0 − n

Combining the expressions in (51), we obtain the polynomial determining r̂ gP :

 h
i
Φ(r̂ gP , π, θ, u R ) ≡ r̂ gP − ρ · r̂ gP + (1 − ε) Z0 − n − σΩ(r̂ gP ) ≡ 0,

(51)

(52)

where we indicate in (52) that the solution depends on the parameters of the PAYG system.
Equally, the polynomial solving for x̂ P corresponds to:


Γ x̂ P , π, θ, u R = ( x̂ P )2 − [ρ + (1 − ε) Z0 − n] x̂ P − σΩ(r̂ gP ) ≡ 0.

(53)

We next show that the economy with PAYG pensions has a higher growth rate and a

lower consumption-capital ratio than the economy lacking them. To do so, we linearize the
polynomial Φ(s) given in (24) from the basic model about the PAYG equilibrium determined
in (52). This yields:

(r̂ gP − ρ) · [r̂ gP + (1 − ε) Z0 − n] − σ + [2r̂ gP − (ρ + n) + (1 − ε) Z0 ] · (r̂ g − r̂ gP ) = 0.

(54)

Evaluating the first term in (54) at the PAYG equilibrium using (52), we solve for (r̂ g − r̂ gP ) =

(γ̂ P − γ̂):
r̂ g − r̂ gP

σ [1 − Ω(r̂ gP )]

P

= γ̂ − γ̂ =

2r̂ gP − (ρ + n) + (1 − ε) Z0

> 0,

(55)

which implies that the balanced rate of growth is higher if agents receive PAYG pensions.14
The reason for our finding is that the PAYG system imposes a life-cycle on human wealth
that does not otherwise obtain in the standard BY framework. In our specification the PAYG
pension puts part of the population, since (1 − θ ) > π, in a lower non-asset income stream.
This strengthens the effect of the turnover in human wealth, [h̄ (t, t) − h (t)] > 0, since agents
are now born with relatively more human wealth than their older counterparts who face reduced non-asset retirement income. This, in turn, weakens the negative implications that
demographic turnover has, in general, on economic growth. Under consumption smoothing, agents respond to the fall in old-age income by increasing saving during their working
14 The

sign of (55) is positive since:

1 − Ω(r̂ g ) =

1 − e−(r̂g −n)uR
(1 − ε ) r
dr(π R ) (1 − θ − π )
> 0.
ε
r̂ g − n
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Figure 3: Growth, pensions, and the KUJ effect
lives, which raises the rate of capital accumulation and implies that γ̂ P > γ̂. In turn, the
expression for x̂ − x̂ P , obtained by linearizing Γ(s) from (25) about the equilibrium solved
for in (53), equals:
P

x̂ − x̂ = −

1 − Ω(r̂ gP )
2r̂ gP − (ρ + n) + (1 − ε) Z0

< 0,

(56)

We depict in Figure 3 the influence of PAYG, where the baseline pension system parameters equal:
dr = 0.20,

u R = 59.73 years,

θ = 0.1,

π = 0.5,

rr ≡

π
= 0.45.
1−θ

(57)

The growth equilibrium with pensions is illustrated by the intersection of the solid EEBY and
CA relationships: since the solid EEBY locus lies entirely above its counterpart in Figure 1
with no pensions (the thinly dotted line), the solution ( x̂, γ̂) under PAYG involves a higher
growth rate and a lower consumption-capital ratio. Figure 3 furthermore illustrates how
KUJ modifies the role of the pension system. Admiration (α = −0.5) augments the effect of
PAYG, raising the growth rate even more, while jealousy (α = 0.5) reverses it. Indeed, under
our parameterization, jealousy is more ‘powerful’ than PAYG, since γ̂αP=0.5 < γ̂α=0 , a result
depicted in Figure 3 by comparing the dotted and dashed relationships.
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To determine the effects of an increase in the statutory retirement date on the growth
equilibrium, we evaluate (52)–(53) at the solution values ( x̂, r̂ g ):
Φ(r̂ gP , π, θ, u R ) ≡ (r̂ gP − ρ) · [r̂ gP + (1 − ε) Z0 − n] − σΩ(r̂ gP ) ≡ 0,

(58)

Γ( x̂ P , π, θ, u R ) = ( x̂ P )2 − [ρ + (1 − ε) Z0 − n] x̂ P − σΩ(r̂ gP ) ≡ 0.

(59)

Specifically, we analyze the implications of an increase in the statutory retirement age u R
which lowers the dependency ratio under both DB and DC schemes (see (34) above). Differentiation of (58)–(59) with respect to u R yields:
∂r̂ gP
∂u R
∂ x̂ P
∂u R

[∂Φ(r̂ gP , π, θ, u R )/∂u R ]i
∂γ̂ P
=−
,
∂u R
∂Φ(r̂ gP , π, θ, u R )/∂r̂ gP
i



∂Γ x̂ P , π, θ, u R /∂u R i
,
= −
∂Γ ( x̂ P , π, θ, u R ) /∂ x̂ P
= −

i

i

(60)

for i = DB or i = DC. We can show that a higher retirement age has an ambiguous effect on
growth and the consumption-capital ratio under both schemes. Nevertheless, we can identify the distinct implications of a rise in u R . An increase in u R raises labor supply, lowering
the wage w(t), which, in turn, shrinks the human wealth gap, [h̄ (t, t) − h (t)], and lowers
γ̂ P . On the other hand, a later statutory retirement age means that a larger fraction of the
population participates in the labor force. This increases generational turnover and raises
γ̂ P . The latter effect is augmented by the fact that the contribution rate θ paid by the active
part of the population falls to maintain PAYG budget balance under DB.
The general implications of a rise in u R under DC are similar to those under DB, with
the important exception that in the DC case the pay-out rate π received by retired workers
increases under the closure rule. This mitigates against the effect of a longer working life and
tends to reduce the human wealth gap, [h̄ (t, t) − h (t)]. For our parameterization, for which
the mandatory retirement age rises from 59.73 to 65 years, the negative effect on growth of
the rise in u R dominates, implying a decline in EEBY in Figure 4, whether or not the PAYG
system is DB or DC. Observe in Figure 4, however, that the fall in growth is significantly
greater, due to the increase in π in the DC case, compared to the system under DB. Our
results suggest, then, that pension reform is more effective at maintaining growth under a
DB system.

8 Conclusions
A key limitation of the RA model compared to its OLG counterpart is its assumption of agent
homogeneity. The effects of demographic evolution, of course, cannot be addressed in the
17

0.021

0.02

0.019

growth rate

0.018
EEBY
0.017

0.016

θ down (DB)

0.015
π up (DC)
0.014
CA
0.013
0.22

0.23

0.24

0.25

0.26
0.27
0.28
consumption−capital ratio

0.29

0.3

0.31

0.32

Figure 4: Growth and later retirement
RA setting. In contrast, the BY version of the OLG framework is particularly suited, due to
its convenient dynamic structure, to study the macroeconomic implications of demographic
change. In this paper we seek to investigate the implications of intergenerational turnover
for endogenous growth by extending our BY framework — featuring a well-defined demography and consumption externalities — to the standard AK growth model. We show that
the BY model extends naturally to the AK setting and provides a new avenue with which
to study the relationship between demography and economic growth. Among our findings,
we determine that the balanced growth rate, due to intergenerational turnover, is lower in
the BY framework compared to the basic AK model. Regarding demographic shocks, we
show that a fall in fertility and a decline in mortality — both characteristic of modern, industrialized societies — lead to a rise in the balanced growth rate. A greater degree of status
preference, in contrast, leads to a decline in economic growth, since the effects of intergenerational turnover become more pronounced.
In the second part of the paper we modify the BY model to incorporate a policy intervention — a PAYG pension system — that directly impacts on the life-cycle return to human
wealth. We find that a PAYG system increases the balanced growth rate compared to an economy that lacks one. The reason is that PAYG pensions impose an exogenous retirement date
and an old-age non-asset income stream that is lower than that of the active part of the pop18

ulation. This creates an intergenerational turnover effect in human wealth, with newborns
possessing more of this type of wealth than average. This, in turn, acts as a countervailing
influence to the fact that newborns, compared to older population cohorts, have no financial
wealth. With respect to changes in the parameters of the pension system, we show, using a
plausible numerical parameterization of the model, that an increase in the statutory retirement date lowers balanced growth under both DB and DC schemes, although the decline in
growth is much less under DB.

Appendix A: Derivation of equations (16)–(17)
To calculate the expression for ċ (t) /c (t) in (16), we use Leibnitz’s Rule to differentiate c(t),
stated in (13), with respect to t:
ċ (t) ≡ l (t, t) c̄ (t, t) +

= η c̄ (t, t) +
=

Z t

−∞

Z t

−∞

Z t

−∞

l (v, t) c̄˙ (v, t) dv +

l (v, t) c̄˙ (v, t) dv − η

Z t

Z t

−∞

−∞

l˙ (v, t) c̄ (v, t) dv

l (v, t) c̄ (v, t) dv

l (v, t) c̄˙ (v, t) dv − η [c (t) − c̄ (t, t)] ,

(A.1)

where we use (12) and (13) to obtain the second and third equalities of (A.1). The next step,
using the definition of x̄ (v, τ ) in (6), is to substitute for c̄˙ (v, t) in the first term of (A.1). Since
c̄˙ (v, t) ≡ (1 − α) x̄˙ (v, t) + αċ (t), this yields:
ċ (t) = (1 − α)

Z t

−∞

l (v, t) x̄˙ (v, t) dv + α

= (1 − α ) [r ( t ) − ρ ]

Z t

−∞

Z t

−∞

l (v, t) ċ (t) dv − η [c (t) − c̄ (t, t)]

l (v, t) x̄ (v, t) dv + αċ (t)

Z t

−∞

(A.2)

l (v, t) dv − η [c (t) − c̄ (t, t)] ,

where we substitute for x̄˙ (v, t) = (r − ρ) x̄ (v, t) using (8) to obtain the second equality of
Rt
(A.2). Analogous to the definition of average consumption, x (t) ≡ −∞ l (v, t) x̄ (v, t) dv.
Rt
Furthermore, since cohort weights sum-up to unity, −∞ l (v, t) dv ≡ 1, and x (t) = c(t) holds
by definition, we can rewrite (A.2) to obtain the aggregate Euler equation:
ċ (t) = [r (t) − ρ] c(t) −

η
· [c (t) − c̄ (t, t)] ,
1−α

(A.3)

where [c (t) − c̄ (t, t)] corresponds to intergenerational turnover in consumption. To convert
(A.3) into the expression (16) in the main text, we evaluate (11) at v = t to find:
c̄(t, t) = (ρ + β) h (t) + α [c(t) − (ρ + β) Γ(t)] ,

(A.4)

where ā(t, t) = 0, since newborns only possess human wealth. In turn, aggregating (11) over
cohorts implies:
c(t) = (ρ + β) [ a (t) + h (t)] + α [c(t) − (ρ + β) Γ(t)] .
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(A.5)

Taking the difference between (A.5) and (A.4), we obtain [c (t) − c̄ (t, t)] = (ρ + β) a (t) so
that (A.3) reduces to (16):
ċ (t)
η (ρ + β) k (t)
= r−ρ−
,
c (t)
1 − α c (t)
where we have used a (t) = k (t). To derive (17), we differentiate a(t) stated in (13) with
respect to t to find:
ȧ (t) = −η

Z t

−∞

l (v, t) ā (v, t) dv +

Z t

−∞

l (v, t) ā˙ (v, τ ) dv,

(A.6)

where we again use the fact that ā(t, t) = 0 and substitute for l˙(v, t) = −ηl (v, t) to obtain
(A.6). Substituting for ā˙ (v, τ ) from the budget identity (7) in (A.6), we obtain:
ȧ (t) = −η

+

Z t

−∞
Z t
−∞

l (v, t) ā (v, t) dv

(A.7)

l (v, t) [(r + β) ā (v, τ ) + w (τ ) − c̄ (v, τ )] dv

= (r − n ) a ( t ) + w ( t ) − c ( t ) ,
where n ≡ η − β. Finally, the fact that physical capital is the only form of savings, i.e.,
a (t) = k (t), means that (A.7) is equivalent to the market clearing relationship (17):
k̇ (t) = [r − n] k (t) + w (t) − c (t) .

(A.8)

Appendix B: Conditions on steady-state profiles
B.1 Condition for k̄ (0, t) > 0
We begin by evaluating (7) at ā (v, t) ≡ k̄ (v, t) and substituting for ŵ(t) = ŵ0 eγ̂t . Together
with (15), this yields:
k̄˙ (v, t) = (r + β) k̄ (v, t) + ŵ0 eγ̂t − c̄ (v, t)

(B.1)

c̄ (v, t) − ĉ (t) = (ρ + β) [k̄ (v, t) − k̂ (t)].

(B.2)

Combining these expressions, we obtain the following differential equation in k̄˙ (v, t):
k̄˙ (v, t) = (r − ρ) k̄ (v, t) + (η + ρ + γ̂ − r ) k̂0 eγ̂t .

(B.3)

Solving (B.3) for v = 0, subject to k̄ (0, 0) = 0, gives:
k̄ (0, t) =

ρ + η + γ̂ − r
· k̂ (t) · [e(r−γ̂−ρ)t − 1],
r − γ̂ − ρ

(B.4)

which yields the following conditions for k̄ (0, t) > 0:
(i) r − γ̂ ≡ r̂ g > ρ;

(ii) r − γ̂ ≡ r̂ g < ρ + η.
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(B.5)

B.2 Condition for c̄ (0, t) > 0
Using the solutions k̂ (t) = k̂0 eγ̂t , ŵ(t) = ŵ0 eγ̂t , and ĉ (t) = ĉ0 eγ̂t along the growth path, we
can rewrite the Euler equation (16) and the market clearing condition (17) as:

(1 − α) (r − ρ − γ̂) ĉ0 = η (ρ + β) k̂0

(B.6)

[r − γ̂ − (η − β)] k̂0 = ĉ0 − ŵ0 ,
Evaluating (B.2) at v = 0 and substituting for ĉ(t) employing (B.6), newborn consumption
equals:
c̄ (0, t) =

η (ρ + β) k̂ (t)
+ (ρ + β) [k̄ (0, t) − k̂ (t)].
(1 − α) (r − ρ − γ̂)

(B.7)

Employing the solution (B.4) for k̄ (0, t), we substitute [k̄(0, t) − k̂(t)] into (B.7) and, after
simplifying, we obtain the expression for c̄(0, t) in terms of k̂ (t):


αη
(ρ + β) k̂(t)
(r −γ̂−ρ)t
.
+
c̄ (0, t) =
(η + ρ + γ̂ − r ) e
r − ρ − γ̂
1−α

(B.8)

A feasible solution for newborn consumption, i.e., c̄ (0, t) > 0, requires:

(η + ρ + γ̂ − r ) +

αη
> 0,
1−α

(B.9)

a condition automatically satisfied for 0 ≤ α < 1. If, instead, α < 0, then we must determine
a lower bound on the status parameter so that:
r − γ̂ ≡ r̂ g < η + ρ +

αη
,
1−α

(B.10)

a task we perform now.

B.3 Upper and Lower Bounds on α
We first derive the upper bound on the status parameter α. To do so, we use the polynomial
Φ(s) stated in (24) to prove r̂ g < ρ + η ≡ r g1 stated in (B.5). This holds if Φ(r g1 ) > 0.
Evaluating Φ(r g1 ), we find:


Φ r g1 = η · (1 − ε) Z0 − (ρ + β)


α
.
1−α

(B.11)

For α < 0, Φ(r g1 ) > 0 is automatically satisfied. For α > 0, the following upper bound
obtains:
α
(1 − ε) Z0
<
.
1−α
ρ+β

(B.12)
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To determine the lower bound on α, we prove r̂ g < ρ + η +

αη
1− α

≡ r g2 given in (B.10) for

α < 0. Evaluating Φ(s) at s = r g2 , we show:



αη
η
·
+ (1 − ε) Z0 .
Φ r g2 =
1−α 1−α

The result Φ r g2 > 0 holds as long as:

(B.13)

α
(1 − ε) Z0
>−
.
1−α
η

(B.14)

Combining (B.12) and (B.14), we state the feasible range for α:

−

α
(1 − ε) Z0
(1 − ε) Z0
<
<
.
η
1−α
ρ+β

(B.15)

Appendix C: Derivation of (46) and (47)
To find the expression for (46), we first solve for h(t) by substituting (43)–(44) that describe,
respectively, human wealth for workers and retirees, into (35). This yields:



1 − e − (r g − n ) u R
w (t)
· (1 − θ ) 1 − e−ηuR + η [π − (1 − θ )] e−ηuR ·
h (t) =
rg + β
rg − n

+πe−ηuR .
Employing the PAYG balanced-budget rule, we can simplify (C.1) and obtain:


w (t)
e−nuR − e−rg uR
−ηu R
− βu R
h (t) =
· 1−e
− ηe
.
(1 − θ − π ) ·
rg + β
rg − n

(C.1)

(C.2)

Human wealth represents the present discounted value of wages, adjusted by the features
of the PAYG system and demographic parameters. Evaluating (43) at v = t, we can show
that newborn agents begin life with:


 −nu

w (t)
−ηu R
− βu R
−r g u R
R
.
· 1−e
+ (1 − θ − π ) e
· e
−e
h̄ (t, t) =
rg + β

(C.3)

Combining (C.2)–(C.3), the turnover in human wealth thus equals:
h̄ (t, t) − h (t) = w (t) e− βuR (1 − θ − π ) ·

e−nuR − e−rg uR
> 0,
rg − n

(C.4)

To derive (47) for the PAYG case, we modify (A.6) to reflect the working and retired
phases of life:
ȧ (t) = −η

Z t

−∞

l (v, t) ā (v, t) dv +

Z t

t−u R

l (v, t) ā˙ (v, τ ) dv +
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Z t−u R
−∞

l (v, t) ā˙ (v, τ ) dv. (C.5)

Using (41) and (31) to substitute for ȧ(t) in (C.5), we obtain:
ȧ (t) = (r − n) a (t) + (1 − θ ) w (t)

Z t

t−u R

l (v, t) dv + πw (t)

Z t−u R
−∞

l (v, t) dv − c (t) , (C.6)

where we use the definitions of average consumption and asset holdings in (13). Substituting
for the cohort weights l (v, t) = ηeηt , t ≥ v, we evaluate (C.6) as:

ȧ (t) = (r − n) a (t) + (1 − θ ) w (t) 1 − e−ηuR + πw (t) e−ηuR − c (t) .

(C.7)

To simplify (C.7) and solve for the market clearing condition, we impose the PAYG budget
constraint θ · [1 − e−ηuR ] = π · e−ηuR and a(t) ≡ k(t) and obtain:

k̇ (t) = [r − n] k (t) + w (t) 1 − e−ηuR − c (t) .

(C.8)

Appendix D: PAYG and the welfare of newborns
Using (43), we can ask the whether the PAYG system imposes a net burden on newborns.
The scenario we consider is the following: assume that newborns, whether or not they are
participants in the PAYG scheme, retire exogenously at age u R . If the newborn agent pays
no contributions and receives no future benefits (θ = π = 0), his human wealth is:


h̄ (t, t)



h̄ (t, t)



h̄ (t, t)



N

=

i
w (t) h
1 − e − (r g + β ) u R .
rg + β

(D.1)

In contrast, if the agent is within the pension system, his human wealth corresponds to:


P

i
o


w (t) n h
θ 1 − e−(rg + β)uR − πe−(rg + β)uR .
= h̄ (t, t) N −
rg + β

(D.2)

Substituting for the balance-budget rule 0 = −θ [1 − e−ηuR ] + πe−ηuR , (D.1) simplifies to:


P





w (t)
− h̄ (t, t) N = −
· (θ + π ) e− βuR e−nuR − e−rg uR .
rg + β

(D.3)

The question whether PAYG pensions reduce or augment h̄(t, t) dependes on the sign of the
term [e−nuR − e−rg uR ], which, in turn, depends on r g relative to n. If the well-known Aaron
condition holds, i.e., r g > n, then the sign of (D.3) is negative and the PAYG system reduces
human wealth at birth.

References
Alvarez-Cuadrado, F., Monteiro, G., and Turnovsky, S. J., 2004. Habit formation, catching up
with the Joneses, and economic growth. Journal of Economic Growth 9, 47–80.
23

Barro, R.J., 1990. Government spending in a simple model of endogenous growth. Journal of
Political Economy 98, S103–S125.
Bettendorf, L.J.H. and Heijdra, B.J., 2006 Population aging and pension reform in a small
open economy with non-traded goods. Journal of Economic Dynamics and Control 30,
2389–2424.
Blanchard, O. J., 1985. Debt, deficits, and finite horizons. Journal of Political Economy 91,
589–610.
Dupor, B. and Liu, W. F., 2003. Jealousy and equilibrium overconsumption. American Economic Review, 423–428.
Fisher, W. H. and Heijdra, B. J., 2008. Keeping up with the ageing Joneses. Journal of Economic Dynamics and Control, forthcoming.
Heijdra, B. J. and Ligthart, J. E., 2006. The macroeconomic dynamics of demographic shocks.
Macroeconomic Dynamics 10, 349–370.
Liu, W. F. and Turnovsky, S. J., 2005. Consumption externalities, production externalities,
and the accumulation of capital. Journal of Public Economics 89, 1097–1129.
Rebelo, S., 1991. Long-run policy analysis and long-run growth. Journal of Political Economy
99, 500–521.
Romer, P. M., 1986. Increasing returns and long-run growth. Journal of Political Economy 94,
1002–1037.
Romer, P.M., 1989. Capital accumulation in the theory of long-run growth. In Barro, R.J. ed.,
Modern Business Cycle Theory, 51–127, Basil Blackwell, Oxford.
Saint-Paul, G., 1992. Fiscal policy in an endogenous growth model. Quarterly Journal of
Economics 107, 1243–1259.
Turnovsky, S.J. and Monteiro, G., 2007. Consumption externalties, production externalities,
and efficient capital accumulation under time non-separable preferences. European Economic Review 51, 479–504.
Yaari, M. E., 1965. Uncertain lifetime, life insurance, and the theory of the consumer. Review
of Economic Studies 32, 137–150.

24

CESifo Working Paper Series
for full list see www.cesifo-group.org/wp
(address: Poschingerstr. 5, 81679 Munich, Germany, office@cesifo.de)
___________________________________________________________________________
T

T

2405 Leonidas Enrique de la Rosa, Overconfidence in a Career-Concerns Setting, September
2008
2406 Marcus Drometer and Johannes Rincke, The Design of Political Institutions: Electoral
Competition and the Choice of Ballot Access Restrictions in the United States,
September 2008
2407 Markku Lanne and Helmut Lütkepohl, Stock Prices and Economic Fluctuations: A
Markov Switching Structural Vector Autoregressive Analysis, September 2008
2408 Thomas L. Brewer, International Energy Technology Transfers for Climate Change
Mitigations, September 2008
2409 Alexander Kemnitz, Native Welfare Losses from High Skilled Immigration, September
2008
2410 Xavier Vives, Strategic Supply Function Competition with Private Information,
September 2008
2411 Fabio Padovano and Roberto Ricciuti, The Political Competition-Economic
Performance Puzzle: Evidence from the OECD Countries and the Italian Regions,
September 2008
2412 Joan Costa-Font and Mireia Jofre-Bonet, Body Image and Food Disorders: Evidence
from a Sample of European Women, September 2008
2413 Thorsten Upmann, Labour Unions – To Unite or to Separate?, October 2008
2414 Sascha O. Becker and Ludger Woessmann, Luther and the Girls: Religious
Denomination and the Female Education Gap in 19th Century Prussia, October 2008
2415 Florian Englmaier and Stephen Leider, Contractual and Organizational Structure with
Reciprocal Agents, October 2008
2416 Vittorio Daniele and Ugo Marani, Organized Crime and Foreign Direct Investment: The
Italian Case, October 2008
2417 Valentina Bosetti, Carlo Carraro, Alessandra Sgobbi and Massimo Tavoni, Modelling
Economic Impacts of Alternative International Climate Policy Architectures. A
Quantitative and Comparative Assessment of Architectures for Agreement, October
2008
2418 Paul De Grauwe, Animal Spirits and Monetary Policy, October 2008

2419 Guglielmo Maria Caporale, Christophe Rault, Robert Sova and Anamaria Sova, On the
Bilateral Trade Effects of Free Trade Agreements between the EU-15 and the CEEC-4
Countries, October 2008
2420 Yin-Wong Cheung and Daniel Friedman, Speculative Attacks: A Laboratory Study in
Continuous Time, October 2008
2421 Kamila Fialová and Ondřej Schneider, Labour Market Institutions and their Effect on
Labour Market Performance in the New EU Member Countries, October 2008
2422 Alexander Ludwig and Michael Reiter, Sharing Demographic Risk – Who is Afraid of
the Baby Bust?, October 2008
2423 Doina Maria Radulescu and Michael Stimmelmayr, The Welfare Loss from Differential
Taxation of Sectors in Germany, October 2008
2424 Nikolaus Wolf, Was Germany ever United? Evidence from Intra- and International
Trade 1885 – 1933, October 2008
2425 Bruno S. Frey, David A. Savage and Benno Torgler, Noblesse Oblige? Determinants of
Survival in a Life and Death Situation, October 2008
2426 Giovanni Facchini, Peri Silva and Gerald Willmann, The Customs Union Issue: Why do
we Observe so few of them?, October 2008
2427 Wido Geis, Silke Uebelmesser and Martin Werding, Why go to France or Germany, if
you could as well go to the UK or the US? Selective Features of Immigration to four
major OECD Countries, October 2008
2428 Geeta Kingdon and Francis Teal, Teacher Unions, Teacher Pay and Student
Performance in India: A Pupil Fixed Effects Approach, October 2008
2429 Andreas Haufler and Marco Runkel, Firms’ Financial Choices and Thin Capitalization
Rules under Corporate Tax Competition, October 2008
2430 Matz Dahlberg, Heléne Lundqvist and Eva Mörk, Intergovernmental Grants and
Bureaucratic Power, October 2008
2431 Alfons J. Weichenrieder and Tina Klautke, Taxes and the Efficiency Costs of Capital
Distortions, October 2008
2432 Andreas Knabe and Ronnie Schöb, Minimum Wage Incidence: The Case for Germany,
October 2008
2433 Kurt R. Brekke and Odd Rune Straume, Pharmaceutical Patents: Incentives for R&D or
Marketing?, October 2008
2434 Scott Alan Carson, Geography, Insolation, and Institutional Change in 19th Century
African-American and White Stature in Southern States, October 2008

2435 Emilia Del Bono and Daniela Vuri, Job Mobility and the Gender Wage Gap in Italy,
October 2008
2436 Marco Angrisani, Antonio Guarino, Steffen Huck and Nathan Larson, No-Trade in the
Laboratory, October 2008
2437 Josse Delfgaauw and Robert Dur, Managerial Talent, Motivation, and Self-Selection
into Public Management, October 2008
2438 Christian Bauer and Wolfgang Buchholz, How Changing Prudence and Risk Aversion
Affect Optimal Saving, October 2008
2439 Erich Battistin, Clara Graziano and Bruno Parigi, Connections and Performance in
Bankers’ Turnover: Better Wed over the Mixen than over the Moor, October 2008
2440 Erkki Koskela and Panu Poutvaara, Flexible Outsourcing and the Impacts of Labour
Taxation in European Welfare States, October 2008
2441 Marcelo Resende, Concentration and Market Size: Lower Bound Estimates for the
Brazilian Industry, October 2008
2442 Giandomenico Piluso and Roberto Ricciuti, Fiscal Policy and the Banking System in
Italy. Have Taxes, Public Spending and Banks been Procyclical in the Long-Run?
October 2008
2443 Bruno S. Frey and Katja Rost, Do Rankings Reflect Research Quality?, October 2008
2444 Guglielmo Maria Caporale, Antoaneta Serguieva and Hao Wu, Financial Contagion:
Evolutionary Optimisation of a Multinational Agent-Based Model, October 2008
2445 Valentina Bosetti, Carlo Carraro and Massimo Tavoni, Delayed Participation of
Developing Countries to Climate Agreements: Should Action in the EU and US be
Postponed?, October 2008
2446 Alexander Kovalenkov and Xavier Vives, Competitive Rational Expectations Equilibria
without Apology, November 2008
2447 Thiess Buettner and Fédéric Holm-Hadulla, Cities in Fiscal Equalization, November
2008
2448 Harry H. Kelejian and Ingmar R. Prucha, Specification and Estimation of Spatial
Autoregressive Models with Autoregressive and Heteroskedastic Disturbances,
November 2008
2449 Jan Bouckaert, Hans Degryse and Thomas Provoost, Enhancing Market Power by
Reducing Switching Costs, November 2008
2450 Frank Heinemann, Escaping from a Combination of Liquidity Trap and Credit Crunch,
November 2008

2451 Dan Anderberg, Optimal Policy and the Risk Properties of Human Capital
Reconsidered, November 2008
2452 Christian Keuschnigg and Evelyn Ribi, Outsourcing, Unemployment and Welfare
Policy, November 2008
2453 Bernd Theilen, Market Competition and Lower Tier Incentives, November 2008
2454 Ondřej Schneider, Voting in the European Union – Central Europe’s Lost Voice,
November 2008
2455 Oliver Lorz and Gerald Willmann, Enlargement versus Deepening: The Trade-off
Facing Economic Unions, November 2008
2456 Alfons J. Weichenrieder and Helen Windischbauer, Thin-Capitalization Rules and
Company Responses, Experience from German Legislation, November 2008
2457 Andreas Knabe and Steffen Rätzel, Scarring or Scaring? The Psychological Impact of
Past Unemployment and Future Unemployment Risk, November 2008
2458 John Whalley and Sean Walsh, Bringing the Copenhagen Global Climate Change
Negotiations to Conclusion, November 2008
2459 Daniel Mejía, The War on Illegal Drugs in Producer and Consumer Countries: A Simple
Analytical Framework, November 2008
2460 Carola Frydman, Learning from the Past: Trends in Executive Compensation over the
Twentieth Century, November 2008
2461 Wolfgang Ochel, The Political Economy of Two-tier Reforms of Employment
Protection in Europe, November 2008
2462 Peter Egger and Doina Maria Radulescu, The Influence of Labor Taxes on the
Migration of Skilled Workers, November 2008
2463 Oliver Falck, Stephan Heblich and Stefan Kipar, The Extension of Clusters: Differencein-Differences Evidence from the Bavarian State-Wide Cluster Policy, November 2008
2464 Lei Yang and Keith E. Maskus, Intellectual Property Rights, Technology Transfer and
Exports in Developing Countries, November 2008
2465 Claudia M. Buch, The Great Risk Shift? Income Volatility in an International
Perspective, November 2008
2466 Walter H. Fisher and Ben J. Heijdra, Growth and the Ageing Joneses, November 2008

